Abstract. We show the existence of group-theoretic sections of the "étale-by-geometrically abelian" quotient of the arithmetic fundamental group of hyperbolic curves over padic local fields relative to a proper and flat model which are non-geometric, i.e., which do not arise from rational points. §0. Introduction/Statement of the Main Result. This note is motivated by the p-adic analog of the Grothendieck anabelian section conjecture, which asks if group-theoretic sections of arithmetic fundamental groups of hyperbolic curves over p-adic local fields all arise from rational points. (See [Saïdi] for more details on the statement of this conjecture). For the time being it is not known if this conjecture holds or not (cf. loc. cit. for a conditional proof of this conjecture).
be an exact sequence of profinite groups. We will refer to a continuous homomorphism s : G → H such that pr •s = id G as a (group-theoretic) section of the above sequence, or simply a section of the projection pr : H ։ G.
In this paper p ≥ 2 is a prime integer. Let k be a p-adic local field; i.e., k/Q p is a finite extension, with ring of integers O k , and residue field F . Thus, F is a finite field of characteristic p. Let X → Spec k be a proper, smooth, and geometrically connected hyperbolic (i.e., genus(X) ≥ 2) curve over k, and X → Spec O k a proper, and flat model of X over O k . We have a commutative diagram with cartesian squares
where the right vertical maps are the natural ones, and X s def = X × O k F is the special fibre of X .
Let η be a geometric point of X above the generic point of X. Then η determines naturally an algebraic closure k of k, and a geometric pointη of X def = X × k k. There exists a canonical exact sequence of profinite groups (cf. [Grothendieck] , Exposé IX, Théorème 6.1)
Here, π 1 (X, η) denotes the arithmeticétale fundamental group of X with base point η, π 1 (X,η) theétale fundamental group of X def = X × k k with base pointη, and G k def = Gal(k/k) the absolute Galois group of k. Let ξ be a geometric point of X s above the generic point of some irreducible component X i 0 of X s . Then ξ determines naturally an algebraic closure F of F , and a geometric pointξ of X s def = X s × F F . There exists a canonical exact sequence of profinite groups (cf. loc. cit.)
Here, π 1 (X s , ξ) denotes the arithmeticétale fundamental group of X s with base point ξ, π 1 (X s ,ξ) theétale fundamental group of X s def = X s × F F with base point ξ, and G F def = Gal(F /F ) the absolute Galois group of F . In what follows we assume that the gcd of the multiplicities of the irreducible components of X s equals 1. Then, after a suitable choice of the base points ξ and η, there exists a natural commutative diagram 2 (0.1)
Note that R X is a normal subgroup of π 1 (X, η). Indeed, this follows from the fact that I X is the kernel of the natural surjective homomorphism π 1 (X, η) ։π 1 (X s , ξ), and I ab X is a characteristic quotient of I X . Write
Note that I 
We will refer to Π (et,ab) X as theétale-by-geometrically abelian quotient of π 1 (X, η) relative to the model X . Note that a rational point x ∈ X(k) gives rise naturally (by the fuctoriality of π 1 ) to (a conjugacy class of) a group-theoretic section
of the upper horizontal exact sequence in diagram (0.4), hence gives also rise to a section
We will refer to such a section as a geometric section of Π ։ G k is a group-theoretic section which doesn't arise from a krational point x as above. In this paper we investigate sections of Π (i) X i 0 is reduced. In particular, X i 0 is geometrically reduced since F is perfect, and the gcd of the multiplicities of the irreducible components of X s equals 1.
If the curve X has good reduction over O k , i.e., if X → Spec k extends to a proper and smooth relative curve X → Spec O k over O k , then the smooth model X of X satisfies the condition (⋆).
(ii) If the curve X satisfies the condition (⋆), then the index of X equals 1 (cf. [Liu] , exercise 9.1.9, and the reference therein).
Our main results in this paper are the following.
Theorem A. Let X be a proper, smooth, and geometrically connected hyperbolic curve over the p-adic local field k. Let X → Spec O k be a proper and flat model of X over O k . Assume that the model X satisfies the condition (⋆) (cf. Definition 0.1). Then the corresponding exact sequence
is theétale-by-geometrically abelian quotient of the arithmetic fundamental group of X relative to the model X (cf. diagram (0.4)) is a split exact sequence of profinite groups.
As a corollary of Theorem A we obtain the following.
Theorem B.
There exists a p-adic local field k, and a smooth, projective, geometrically connected, and hyperbolic curve X over k, such that the following holds. There exists a proper and smooth model X → Spec O k of X (i.e., the curve X has good reduction over O k ), and a group-theoretic section s : (cf. diagram (0.4) , and the discussion before Theorem A) which is non-geometric, i.e., which doesn't arise from a k-rational point of X.
Proof. Indeed, this follows from Theorem A, Remark 0.2 (i), and the fact that there exists a p-adic local field k and a k-curve X satisfying the assumptions in Theorem B such that X(k) = ∅ (cf. [Saïdi1] , Proof of Proposition 3.2.1).
More generally, we obtain the following.
Theorem C. There exists a p-adic local field k, and a smooth, projective, geometrically connected, and hyperbolic curve X over k such that the following holds. The curve X has bad semi-stable reduction over O k , there exists a proper and flat semi-stable regular model X → Spec O k of X over O k , and a group-theoretic section s : (0.4) , and the discussion before Theorem A) which is non-geometric, i.e., which doesn't arise from a k-rational point of X. §1. Group theoretic sections of theétale-by-geometrically abelian quotient Π (et,ab) . We use the notations introduced in §0. In this section we investigate the group-theoretic splittings of the exact sequence (cf. §0, diagram (0.4))
Let k, X → Spec k, and X → Spec O k , be as in the discussion before Theorem A. Thus, X → Spec k is a smooth, proper, and geometrically connected hyperbolic curve over the p-adic local field k, and X → Spec O k is a proper, and flat model of X over the ring of integers O k of k, such that the gcd of the multiplicities of the irreducible components of X s equals 1. It follows from the various definitions that we have a commutative diagram of exact sequences
where we noted
The profinite group ∆ et is finitely generated (as follows from the well-known finite generation of the profinite group π 1 (X, η) which projects onto ∆ et 
which defines a (geometrically finite) quotient Π i of Π (et) . Note that the upper horizontal sequence in diagram (1.2) splits. Indeed, the lower horizontal exact sequence in diagram (0.2) splits since the Galois group G F of F is pro-free (F being a finite field), hence the middle horizontal sequence in diagram (0.2); which is by definition the sequence 1 → ∆ et → Π (et) → G k → 1, splits since the lower right square in that diagram is cartesian. Let
be a section of the upper sequence in diagram (1.2), which naturally induces a section
of the lower sequence in diagram (1.2), for each i ≥ 1. Write
is an open subgroup which corresponds to anétale cover
Moreover, it follows from the various definitions that theétale cover X i → X extends to anétale cover
Note that theétale cover X i def = X i × k k → X is Galois with Galois group ∆ i , and we have a commutative diagram ofétale covers
where X i → X is Galois with Galois group Π i , and X i → X i is Galois with Galois group s i (G k ). Moreover, we have a commutative diagram of exact sequences
where ∆ i is the inverse image of ∆ et,i in π 1 (X,η), and the equalities
, are natural identifications; the base points η (resp. η) of X i (resp. X i ) are those induced by the base points η (resp. η) of X (resp. X). Note that Π i+1 ⊆ Π i and ∆ i+1 ⊆ ∆ i as follows from the various definitions.
Lemma 1.1. With the same notations as above, the following holds:
Proof. Follows from the various definitions.
For each integer i ≥ 1, write ∆ i,ab for the maximal abelian quotient of ∆ i ; which is a characteristic quotient. Consider the natural pushout diagram 
is a split exact sequence of profinite groups if the index of X i equals 1.
Proof. Indeed, this exact sequence is naturally identified with the exact sequence
ab is the maximal 8 abelian quotient of π 1 (X i ,η), and π 1 (X i , η) (ab) is the geometrically abelian quotient of X i . Moreover, it is well-known that the exact sequence 1 → π 1 (X i ,η) ab → π 1 (X i , η) (ab) → G k → 1 splits if the class [J Proof. Follows from the various definitions. More precisely, recall theétale Galois cover X i → X with Galois group ∆ i . For each integer j ≥ 1, let ∆ i,j def = ∆ i,ab /j.∆ i,ab , which is a characteristic quotient of ∆ i,ab , and X i,j → X i the correspondingétale abelian cover with Galois group ∆ i,j . Then theétale cover X i,j → X is Galois with Galois group ∆ i,j , which inserts in the following exact sequence
